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Induced dipole moment of purple membranes

Theoretical analysis
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The induced dipole moment of a purple membrane parallel to the membrane surface was analysed based on the two-dimensional
fluctuation theory of counterions. The observed polarizability previously measured by electric dichroism and its dependence on the
membrane size were derived from theory for the case where the interaction between counterions was screened. The screening effect of
salts on the induced dipole moment was estimated from the theory on diffuse double layers.

1. Introduction

In the purple membrane of Halobacterium
halobium, bacteriorhodopsin, a specific protein
with retinal as chromophore, is arranged with
several lipids in a two-dimensional crystalline
array. The membrane is flat and rigid. The densi-
ties of positive and negative charges on both sides
of the membrane can be estimated from the known
arrangement of proteins and lipids. Bacteriorho-
dopsin is a light-driven proton pump which trans-
ports protons from the inside of the cell to the
outside via a photoreaction cycle. To understand
the molecular mechanism of the light-driven pump,
we have studied the charge distribution on and
across the membrane by measurement of the elec-
tric dichroism of a suspension of the membrane.
The permanent dipole moment perpendicular to
the membrane and the induced dipole moment
parallel to the membrane have been established
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[1,2]. The induced dipole moment and its disper-
sion under an alternating field are related to the
number of bound counterions and their move-
ments on the membrane. The moment depends on
the interaction of fixed charges of the membrane
and counterions in the solution. Thus, the purple
membrane is a typical model for the theoretical
analysis of behaviors of counterions on the mem-
brane. In this paper, we perform calculations on
the induced dipole moment based on the two-di-
mensional fluctuation theory of counterions. The
dependence of the induced dipole moment or the
polarizability and its relaxation on the size of the
membrane theoretically derived show good agree-
ment with the experimental data. The effect of the
ionic strength on the induced dipole moment is
also discussed.

2, The induced dipole moment and counterion
fluctuation

Thermal fluctuation in the concentration of
counterions bound to a rod-like polyion has been
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analysed previously by Oosawa [3]. In this section,
we apply the same method to counterions on a
two-dimensional membrane.

The polarizability a at low electric fields is
proportional to the square average of the instanta-
neous dipole moment M induced by thermal
fluctuation of counterions in the absence of the
field, (M?>. The membrane is assumed to be a
square of side length L and to have a uniform
negative charge density. Positive counterions with
charge +e¢, are bound on one side of the mem-
brane. They are mobile along the surface of the
membrane and distributed with an average con-
centration C =N, /L? where N, is the average
number of bound counterions. The concentration
fluctuation of bound counterions deviating from
the average by 8C(x, y) is expanded in a Fourier
series on the surface as follows;

Sc(x,y)= 3 ¢ exp(mi(kx/L)
kK’

+2mi(K'y/L)) (1)

where x and y are spatial coordinates on the
membrane, 0 <x <L and 0 <y <L, and k and
k’ are integers, giving wave numbers.

The excess free energy 8f due to the concentra-
tion fluctuation is given by the sum of the excess
interaction energy and the negative entropy as;

of =) [*["["[" 8C(x.y) 8C(x' ")

X(2f(x—x",y=y")
+g(x—x",y—y’))dxdx"dydy’

+(ka/zc)foLfoL(tsc(x,y))2 dxdy (2)

where k, is Boltzmann’s constant, T the absolute
temperature, and f(x—x',y—y’) and g(x -~
x’, y —y’) the interaction energies of counterions
on the same side of the membrane and between
opposite sides of the membrane, respectively. By
using the Fourier components of these interaction
energies, we find

8f=(k,T/2) 3, Cl%,k’(L4(2fk,k’ + &ixr)
Kk

J4k, T+ L2/C) (3)

where

S = QL) [ [ 1",y exp(ami(ies” /L)
0 -0
+27i(k’y” /L)) dx” dy”

L L r” 7 . rr
g =(1/L7) [ [“g(x".»") exp(2mi(kx"/L)
0 Jo
+27i(k’y” /L)) dx"dy”
where the end effect has been neglected.

Since the probability of fluctuation §C(x, y) is
proportional to exp(—38f/k,T), the mean square
of the fluctuation of each component ¢, .- is given
by
{ct i) =1/((L2/C)

+(L* Qfepr + 8w ) /4K, T)) (4)
The electric dipole along the membrane surface
produced by the fluctuation 8C(x, y) 1s given by

M= ZeOLLAL((x —xo) 1, + (y—YO)Iy)

X8C(x,y) dxdy (5)
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Fig. 1. Permanent dipole moment (O) and polarizability (a) of

the purple membrane plotted vs the diameter of the membrane

L; data are from ref. 1; the experimental methods and condi-

tions have been described previously [1). Broken lines represent

the proportionality of the permanent dipole moment to L? and
the polarizability to L?, respectively.
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where (x, y,) represents the centre of the square
and I, and I, are the unit vectors in the x and y
directions. The factor 2 is derived from the case of
two sides of the membrane. Then,

M= 4ed [ [ (3= x0)(x = x0)

(= 2)(" ¥))

X 8C(x,y) 8C(x",y") dxd ydx'dy’ (6)
After integration, fluctuations in the x and y
directions are separated. The polarizability & is
related to the square average of the dipole mo-
ment as @ = (M?) /k,T. Only the Fourier compo-
nents ¢, and ¢, make contributions to {M?).
Using eq. 4 we find

a={(M*/k,T
=4e3L*Y (L/2mk ) (el o) /kyT
k

= (2e¢/m*)(CL* /k,\T)
XY (1/(0+ N, (2fi 0+ 8io)/4k,T) /i
k

™)

This result shows that the contribution to the
polarizability decreases with increasing k. The
main contribution comes from the fluctuation of
k=1.

The purple membrane has a length L of 5000~
10000 A and a thickness of about 45 A. The
number of fixed charges per unit area of protein
of about 1150 A? is about 10. If the number of
counterions which contribute to the polarizability
N, is set equal to the total number of charges N9
of the membrane, the value of a calculated from
¢q. 7 becomes of the order of 10" ¢m® if f and g
are zero. If, in the other limiting case, Coulombic
interaction is assumed to estimate f and g, «a
becomes of the order of 107! cm’. The experi-
mental value of « obtained in the presence of salts
of 107 3-1072 M was 10 "'=10 12 cnr®, as shown
in fig. 1. The interaction among counterions must
be screened. If the Debye-Hiickel interaction is
assumed, for large values of L and small values of
k,eg., k=1,

N, fio= (N+/L2)fe3 exp(—«r)/er(2ar) dr
=(N./L?)(2m)(es/eksT)(1/k)  (8)

where ¢ is the dielectric constant and « the De-
bye-Hiickel parameter, (1/k) is the radius of the
ionic atmosphere. Then, the value of a calculated
approaches the experimental value. N,f;, and
N g are not dependent on the size of the mem-
brane. Therefore, the polarizability given by eq. 7
is proportional to L*,

As shown 1n fig. 1, the observed value of «a is
nearly proportional to L* This fact strongly sup-
ports the idea that the polarization is due to the
counterion fluctuation on the membrane surface
and that the interaction between counterions is
screened in the presence of salt ions.

On the other hand, the permanent dipole mo-
ment perpendicular to the membrane surface is
given by the sum of permanent dipole moments of
individual protein molecules and lipid molecules
in the membrane. Therefore, it is reasonably un-
derstood that the observed permanent dipole is
proportional to L?, as shown in fig. 1.

3. Relaxation of the induced dipole

Fluctuations in the counterion distribution of
different modes have different relaxation times.
According to Oosawa’s theory (3], the diffusion
equation of the counterion fluctuation of &C
(x,y,t) is given by

§(9/31) 8C(x,y,t)
=(9%/9x*+ 3% /3y )k, T 8C(x,y,t)

+(9%/0x2 + aZ/ayZ)chfL 8C(x’,y’,1)
0 Y0
XQ2f(x—x",y—y'.1)

+g(x=x",y=y 1)) dxdy’ 9)

where { is the frictional coefficient of counter-ions.
The equation for the Fourier component ¢, , is
obtained in the following form:;

dey o(t)/de
= ~(koT/¢)(2mk /L)
X(L+ N, (2fi o+ 80) /4T ), o(2) (10)



158 M, Fyjiwara, A. Ikegami / Induced dipole moment of purple membranes: theoretical analysis

The relaxation time of the mode (&,0) is given by

T = ({/ka)(L/27rk)2
/(1 +N+(2fk,0+gk,0)/4ka) (11)

The relaxation time 7., is proportional to the
square of the length L, as in the one-dimensional
case. In the Debye-Hiickel approximation, using
the same estimation of f,, as before, the relaxa-
tion time 7, is estimated to be of the order of
107°-10"7 s, provided the frictional coefficient {
is assumed to be the same as in bulk water. The
dispersion of the polarizability observed in the
high-frequency region of electric field gave a value
around 10~¢ s for the relaxation time. This value
of the relaxation time indicates that the relaxation
is due to the long-distance diffusion of counter-
ions on the membrane, although the proportional-
ity of the relaxation time to L? has not yet been
confirmed experimentally. Two samples of purple
membranes which had a ratio of rotational relaxa-
tion times of (101/57) were examined. A dif-
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Fig. 2. Relation between the polarizability and the ionic

strength of the purple membrane in the presence of monova-

lent salt ions (©) and divalent salt ions (O); data are from ref.

1; the experimental methods and conditions have been de-

scribed previously [1]. The solid line and the broken line show

calculated values for monovalent and divalent salts, respec-
tively.

ference in the relaxation time 7,4 could not be
detected between the two samples. Since the rota-
tional relaxation time is proportional to L?, the
ratio of the relaxation times of the dielectric dis-
persion is expected to be (101 /57)%/* = 1.4, which
is not very different from unity.

4. Effects of salts on the induced dipole

The polarizability of the purple membrane de-
creases with increasing ionic strength, as shown in
fig. 2. According to the theoretical result in section
3, the polarizability is proportional to the number
of counterions N, near the membrane if the
interaction between counterions is weak. The
number of counterions N, which contribute to
the polarizability may decrease with increasing
ionic strength. The relation between the number
N, and the salt concentration can be analysed
using the electric double layer theory [4].

The average charge density e,p(z) and the elec-
tric potential ¢(z) at distance z from the mem-
brane are related by the Poisson equation, and if a
Boltzmann distribution is assumed,;

&y (z)/dz>

—4meyp(z) /e

- (4'77/5)602"1”.‘ exp( - V,-eoxp(z)/ka)
(12)

where »; is the valence of the i-th ion and n; its
density far from the membrane. The negative
charge density —e,N}/L* on the membrane
surface is equal to the total spatial charge from
z=01to z=00;

NS/L2=a=fO°°p(z)dz (13)

The counterions which contribute to the polarn-
zation are assumed to be those ions retained within
the distance z = Z from the membrane surface by
the negative potential; i.e.,

N+/L2=C=](;Zp(z) dz (14)
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where the distance Z is determined by assigning a
certain critical value to —egy(Z2)/k T (= Y(Z)).
The quantity Y(z) is the ratio of the potential
energy to the thermal energy of counterions. This
assumption means that the potential energy of
counterions which contribute to the polarization is
very much larger than the thermal energy. The
concentration of counterions in this region is very
much higher than that far from the membrane and
the concentration of co-ions is negligible.
Then, the calculated result is

C= (e/477e0)f02(d24/(z)/d22) dz

= (e/4mey) 1d¥(z)/dz|i1g
=0~ (2ek,Tn/mel)” sinh(¥(Z)/2)  (15)

If we apply the numerical values of the purple
membrane,

C=of1 - (L2/N2)(2ek,Tn/med)"”
Xsinh(Y(Z)/2)
=0(1-0.74I'" sinh(Y(Z),/2))

where » is the concentration of counterions far
from the membrane and 7 the ionic strength. The
value of C decreases in proportion to the square
root of the ionic strength, if a constant value is

given to Y(Z) or —eg(Z)/k,T. The solid and
broken lines in fig. 2 are the results of calculation
for the ratio of the polarizability in the presence of
salts to that in the absence of salts in the case of
Y(Z) =6, which gave the best fit to the experi-
mental data over a certain range of the ionic
strength. The results of calculation, however, do
not explain the data at high concentrations of
salts. We have to consider the changes of both the
number of bound counterions near the membrane
and the effect of screening by other salt ions with
the ionic strength. A more consistent theoretical
treatment is necessary.
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